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All-electric devices for the generation and filtering of spin currents are of crucial importance for
spintronics experiments and applications. Here we consider a quantum dot between two metallic
leads in the presence of spin-orbit coupling, and we analyze in the frame of a scattering matrix
approach the conditions for generating spin currents in an adiabatically driven two-terminal device.
We then focus on a dot with two resonant orbitals and show by specific examples that both spin
filtering and pure spin current generation can be achieved. Finally, we discuss the effect of the
Coulomb interaction.
PACS numbers:
Introduction. Many theoretical and experimental ef-
forts have been devoted to spintronics, i.e., the design
and control of spin-based electronic devices [1], and as a
result it became possible to inject and filter spin polar-
ized currents [2], to detect spin accumulation [3, 4, 5], and
to produce ferromagnetic spin valves [6]. While an all-
electrical control of spin currents would be clearly advan-
tageous, so far most theoretical and experimental designs
involve ferromagnetic leads or require the application of
external magnetic fields.
Adiabatic pumping of charge in a cyclically modulated
potential was first proposed by Thouless [7] and later
studied in a variety of mesoscopic devices [8, 9, 10, 11,
12]. More recently, pumping of spins in nanostructures
has been proposed as well, again with most mechanisms
relying on external magnetic or exchange fields [13, 14,
15, 16, 17, 18], or the presence of ferromagnetic leads [19],
and indeed in one experiment spin pumping in a magnetic
field has been observed [20]. On the other hand, as first
discussed in Refs. [16, 17], it is also possible to pump
spin through quantum wires in the absence of external
magnetic fields provided spin and orbit are coupled.
In the present paper we show that, in the presence
of spin-orbit (SO) coupling, resonances associated with
avoided level crossings of a quantum dot can be exploited
to pump spin in a controlled way purely by cycling elec-
trical gates. We shall focus on quantum dots with pa-
rameters such that the level spacing of the dot exceeds
the typical width of the levels, δǫ > Γ. In this parameter
regime individual states act as resonances, with position
and coupling to the external leads which can be tuned
by external gates [21]. Resonant spin pumping emerges,
when two of the levels lie close to the Fermi energy so
that the SO coupling mixes them. We will show that in
the vicinity of such resonant avoided level crossings the
quantum dot can be used as an all-electric spin battery,
and pumping cycles with transmitted spin of order ~/2
per cycle can be constructed. We also show that it is pos-
sible to choose the cycle parameters such that no charge
is transfered through the quantum dot.
Scattering formalism. We consider an elastic scatterer
coupled to two quasi-1D leads. In the left lead, far from
the scattering region we can define longitudinal charge
and spin current operators, J0L and J
i
L, as
JµL(z, t) = −
i
2m
∫
dx dy
[
ψ†Lσ
µ
(
∂zψL
)− h.c.] , (1)
where σ0 is the unit matrix, while σµ with µ = 1, 2, 3
denote the usual Pauli matrices. The spinor field
ψL(x, y, z, t) destroys an electron in the left lead and ∂z
denotes the partial derivative with respect to the coordi-
nate along the wire.
At low temperatures, we can use the approach of
Brower [9, 17], to express the spin (~SL) and charge (QL)
pumped into the left lead within an adiabatic cycle as
QL = − e
2π
∫ T
0
Im
[
Tr
{
(ΛL ⊗ σ0) dS
dt
S†
}]
dt, (2a)
~SL = − ~
2π
∫ T
0
Im
[
Tr
{
(ΛL ⊗ ~σ) dS
dt
S†
}]
dt. (2b)
Here S = S(EF , t) is the instantaneous scattering matrix
at the Fermi energy, and ΛL stands for the projector onto
the left channel.
2Following a strategy similar to Avron et al. [10], we
decompose the scattering matrix to identify physical pro-
cesses which contribute to spin and charge pumping. The
presence of time-reversal symmetry implies that, in an
appropriate basis, the scattering matrix is self-dual [23],
i.e., S = σySTσy , and, for a quantum dot connectung
two one-mode leads, S can be decomposed as
S = U0U T U †U0 (3)
where the matrices U , U0 and T are defined as follows:
U0 =
(
eiφL 0
0 eiφR
)
⊗ σ0, U =
( UL 0
0 UR
)
,
T =
( −√1− T0 √T0√
T0
√
1− T0
)
⊗ σ0. (4)
where T0 denotes the transmission coefficient of the dot
and UL,R are two-dimensional unitary matrices.
Substituting Eqs. (3-4) into Eqs. (2a-2b) we obtain
QL =
e
2π
∫ T
0
[
(1− T0)
(
φ˙R − φ˙L
)]
dt, (5a)
~SL =
i~
2π
∫ T
0
T0 Tr
{(
U†L ~σ UL
)(
U†LU˙L − U†RU˙R
)}
dt.
(5b)
In Eq. (5a) we dropped a term (e/2π)
∫
(φ˙R+ φ˙L)dt, rep-
resenting the charge accumulated on the scatterer, which
vanishes over a complete cycle. The first term in (5a) is
finite even for T0 = 0. This limit corresponds to peri-
staltic pumping, whereby a charge is first moved from
the left lead to the dot, while the right contact is kept
closed, and subsequently from the dot to the right lead
with the left contact kept closed.
Interestingly, the pumped spin given by Eq. (5b) is
proportional to T0. Therefore peristaltic spin pumping
is not possible in the presence of time reversal symme-
try. Also, while over a full cycle the charge is conserved,
QL + QR = 0, the spin in general is not conserved: in
particular if [UL,UR] 6= 0 we have ~SR + ~SL 6= 0. This
is not surprising, since spin-orbit coupling – ultimately
responsible for the spin pumping – allows for the trans-
fer of angular momentum to the underlying lattice. We
remark that the pumped spin in Eq. (5b) transforms as
a vector under spin rotations in the left lead while it is
invariant under spin rotation in the right lead, as it was
also clear from the definition in Eq. (1).
Non-interacting quantum dot. To calculate explicitly
the charge and spin transferred through a dot in the
vicinity of an avoided level crossing, let us now intro-
duce a non-interacting model to describe a dot with two
orbital levels, |nσ〉 (n = 1, 2, σ = ±) as shown in Fig.1.
In the presence of (SO) coupling the isolated dot is de-
scribed by the Hamiltonian Hd =
∑
d†nσHdnσ,n′σ′dn′σ′ ,
with the operators d†nσ creating an electron in state |nσ〉
and the 4× 4 matrix Hd given by
Hd =
(
ε1 σ
0 −i~α · ~σ
i~α · ~σ ε2 σ0
)
. (6)
Here εn indicate the energies of the dot orbital states
measured from the Fermi energy and the real vector ~α is
the SO field. Choosing the spin quantization axis parallel
to ~α, we can express the full Hamiltonian as H =
∑
σHσ
with
Hσ =
∑
n
εnd
†
nσdnσ + i α sσ
(
d1σd
†
2σ − h.c.
)
(7)
+
∑
n,ξ,λ
(
vλn c
†
ξσλdnσ + h.c.
)
+
∑
ξ,λ
ξ c†ξσλcξσλ .
with sσ = ±1 for spin parallel/antiparallel to ~α and
α = |~α|. Here c†ξσλ creates a conduction electron of en-
ergy ξ and spin σ in lead λ. In the following, we shall
assume that while the levels εn and the tunneling am-
plitudes vλn can be tuned via gate voltages, ~α remains
approximately constant over a pumping cycle. Choosing
~α as a quantization axis we can write the scattering ma-
trix in spin-diagonal form, S = ei(φL+φR)S↑ ⊕ S↓, with
Sσ parametrized using φ = φL − φR as
Sσ =
( −eiφ√1− T0 eisσ θ√T0
e−isσ θ
√
T0 e
−iφ
√
1− T0
)
. (8)
Obviously, the phase φ is related to charge-pumping,
while the phase θ determines the amount of spin pumped
into the leads. If we only modify two external parame-
ters, r1 and r2, during a cycle, we can use Stokes theorem
to recast the pumped charge and spin as
QL = − e
2π
∫∫
d2r Br1r2c , (9)
~SL = αˆ
~
4π
∫∫
d2r Br1r2s , (10)
where the charge and spin Brouwer’s fields are defined as
Br1r2c = ∂r1T0∂r2φ− ∂r2T0∂r1φ and Br1r2s = ∂r1T0∂r2θ−
∂r2T0∂r1θ, respectively.
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Figure 1: Orbital level structure of the quantum dot coupled
to the leads. Due to the spin orbit field, ~αso, pumping gives
rise to charge and a spin current.
3In the rest of the paper we shall study specific pumping
cycles with two pumping parameters, either the tunnel
couplings or the positions of the dot levels, appearing in
the Hamiltonian H . To use Eqs. (9) and (10), we need to
compute the transmission T0 and the angles φ and θ in
terms of these quantities. This can be done most easily
by relating S to the Green’s function Gd of the dot [26],
Sλλ′σ = δλλ′ − 2πi
√
ρλρλ′
∑
n,n′
vλnv
λ′
n′
∗
Gdn,n′σ(εF ) ,
[
Gd(ω)
]−1
nn′,σ
= ω δnn′ −
(Hdσ)nn′ + iπ
∑
λ
ρλv
λ
n
∗
vλn′ .
where ρλ is the density of states in lead λ at the Fermi
energy. From these equations we can obtain T0, φ, and θ
in terms of the bare parameters of the dot. Introducing
w = v1Lv2R−v2Lv1R we can express for φ and θ as follows
tan(θ) =
α w
ε1 v2Lv2R + ε2 v1Lv1R
, (11)
tan(φ) = πρ
ε1(v
2
2L − v22R) + ε2(v21L − v21R)
ε1ε2 − α2 + π2ρ2w2 . (12)
Clearly, both levels are involved in spin pumping: if one
of the levels is decoupled from the leads then w = 0, and
only charge pumping is possible. Coupling the first and
second level to the two leads with equal amplitudes also
leads to a vanishing of the spin current.
In the following we analyze two kinds of cycles, “orbital
energy cycles” and “tunnel coupling cycles”, where only
the orbital energies of the levels are varied or also the
tunnel coupling to the leads. Spin filtering and pure spin
pumping can be achieved in both cycles.
Orbital energy cycles. For orbital energies cycles the
relevant components of the Brouwer’s fields are Bε1,ε2s
and Bε1,ε2c . For weak SO coupling these components have
a dipolar structure in the plane (ε1, ε2), as shown in the
upper panels of Fig. 2. As for the single-level dot, studied
in Ref. [24], the maxima of the charge field correspond to
points of resonant transmission. The resonances of the
spin field are instead located along the line εr1 + ε
r
2 = 0
where the renormalized energies, εr1 and ε
r
2, are defined
as εr1 = ε1 v2Lv2R/w and ε
r
2 = ε2 v1Lv1R/w. As we
will show, the structure of the fields and the amount of
pumped charge and spin depend very sensitively on the
ratio between tunneling amplitudes and SO coupling.
To start with, let us consider the special case of a sym-
metric dot with a symmetric and an anti-symmetric or-
bital. In this case the Hamiltonian commutes with the
operator π ≡ Σ ⊗ P , where Σ and P denote the spin
inversion and parity operators, and the tunneling ampli-
tudes satisfy the following relations: v1L = v1R = v1
and v2L = −v2R = v2. In this symmetrical situation,
a variation of the level energies, ε1 and ε2, generates a
pure spin current independently of the details of the cy-
cle. In fact, as already noted by Aleiner et al. [27], parity
imposes additional constraints on the scattering matrix
that along with time-reversal symmetry lead to the van-
ishing of Brouwer’s charge field. In Fig. 2 (lower left
panel) we plot the total spin pumped through a sym-
metric dot with v1 = v2 =
√
Γ/(2πρ) for a triangular
pumping cycle such that (ε1 + ε2) ∈ [ε1 − ε2,∞] and
(ε1 − ε2) ∈ [−∞,∞]. As one can see the pumped spin
depends non-monotonously on the ratio α/Γ, the maxi-
mum occurring at α/Γ = 1. Finally, in Fig. 2 (lower right
panel) we plot the spin and charge pumped through a
non-symmetric dot in a triangular cycle bounded by the
lines, |ε1−ε2| ≤ |ε1+ε2| and 0 ≤ |ε1+ε2| ≤ 10Γ. In this
case both the pumped charge and spin are non-vanishing
and depend non-monotonously on the SO-coupling.
Tunnel coupling cycles. In the experiments it may be
difficult to vary independently the energies of the two
levels. For this reason we now consider pumping cy-
cles where only the tunneling rates to the left lead and
the offset of the two-levels with respect to the Fermi en-
ergy in the leads are varied. Specifically, we express the
tunneling rates as follows, vkM = ckM
√
ΓM/(2πρ) with
k ∈ [1, 2] andM ∈ [L,R] and we assume that only ΓL can
be varied using some external gate. The factors ckM , de-
scribing the overlap between the k-th dot’s level and the
scattering states in lead M , are assumed to be constant
during the cycle. In Fig. 3 (left panel) we plot Brouwer’s
spin field BΓL,ε1+ε2s . In this case, again, Brouwer’s charge
field is non-vanishing, however, with an appropriate tun-
ing of the cycle shape, we can have pure spin currents.
This is shown in Fig. 3 (right panel) where we plot the
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Figure 2: Upper Panels: Brouwer’s charge and spin field,
Bε1,ε2s , in the ((ε1 − ε2), (ε1 + ε2))-plane for v2L = −v1R =
2v2R = 1.25v1L =
p
Γ/(2πρ), α/Γ = 0.25. Lower Panels:
pumped spin through a symmetric dot (left) and pumped spin
and charge through a non-symmetric dot (right) as a function
of the SO coupling α for a triangular cycle: (ε1+ε2) ∈ [0, 10α]
and (ε1 − ε2) ∈ [−(ε1 + ε2), ε1 + ε2]. In the symmetric dot
case the tunnel couplings are v2L = −v1R = v2R = v1L =p
Γ/(2πρ) while in the non-symmetric dot case they are the
same as those of the upper panel.
4total charge and spin pumped for a rectangular cycle,
ΓL/α ∈ [0, 5] and (ε1+ ε2)/α ∈ [0, x] as a function of x.
Interaction effects. To observe resonant spin pumping,
the width of the two levels involved needs to be smaller
or in the range of the level spacing. In this regime inter-
action effects, neglected so far, become important, and
lead to a Coulomb blockade if all levels are far away
from the resonances, and to the formation of a mixed va-
lence state close to resonance. However, in all cases, the
ground state of the dot is a Fermi liquid, and therefore
low temperature spin puming can be described in terms
of a scattering matrix, just as for the non-interacting sys-
tem. The only difference is that the parameters of this
scattering matrix depend in a very non-trivial way on the
bare model parameters. Determining the precise func-
tional dependence of the scattering matrix on the gate
voltages and the level positions is a cumbersome task
beyond the scope of the present paper. The qualitative
structure of the “phase diagram” and the spin pumping
field is sketched in Fig. 4 for a dot with large Coulomb
interaction. While the Coulomb interaction suppresses
double occupancy for ǫ1,2 < 0, its effects are most likely
not crucial in the regime, ǫ1, ǫ2 > 0, where the levels are
only partially occupied. There non-interacting theory is
expected to work reasonably well, and the resonant spin
pumping discussed here should be observable.
Conclusions. We have studied spin and charge pump-
ing in a quantum dot with spin-orbit interaction coupled
to two metallic leads. Using Brouwer’s scattering ap-
proach to pumping, we first analyzed the general restric-
tions imposed by time-reversal symmetry on the pumped
current. We then focused on the case of a dot with two
resonant levels and showed that a spin of the order of
~/2 can be pumped in a cycle. We analyzed in particular
two kinds of cycles involving the offset of the levels to
the Fermi energy in the leads and, either the difference
between the level energies or the tunneling to the leads.
We demonstrated that, in both cases, with an appropri-
ate tuning of the parameters, a controlled amount of spin
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Figure 3: Left Panel: Brouwer’s spin field B
ΓL,(ε1+ε2)
s in the
(ΓL, (ε1 + ε2))-plane for ΓkM = c
2
kMΓM with k = 1, 2 and
M = L,R, c1L = c2L = 0.8, c1R = 0.7, and c2R = 0.6.
The two levels are assumed degenerate, ε1 − ε2 = 0, with
zero hybridization, ∆ = 0, and the coupling to the right lead
is ΓR/α = 3. Right Panel: Pumped spin and charge for a
rectangular cycle ΓL/α ∈ [0, 5] and (ε1 + ε2)/α ∈ [0, x] as a
function of x.
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Figure 4: Sketch of the effect of interactions.
and charge current can be pumped through the device.
Finally we discussed the effect of Coulomb interaction,
which should introduce only inessential corrections in the
regime of partial dot occupation.
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